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Chapter 2: Limits 2-3

Proposition 1.

1. If f(x) = k is a constant function, then

lim
x!c

f(x) = lim
x!c

k = k.

For instance, lim
x!1

9 = 9.

2. If f(x) = x, then
lim
x!c

f(x) = lim
x!c

x = c.

For instance, lim
x!3

x = 3.

Proposition 2. (Algebraic properties of limits, +,�,⇥, ÷)

If lim
x!c

f(x) and lim
x!c

g(x) both exist (important!), then

1. lim
x!c

(f(x) + g(x)) = lim
x!c

f(x) + lim
x!c

g(x)

2. lim
x!c

(f(x)� g(x)) = lim
x!c

f(x)� lim
x!c

g(x)

3. lim
x!c

(f(x)g(x)) = lim
x!c

f(x) · lim
x!c

g(x)

Especially, lim
x!c

kf(x) = k lim
x!c

f(x) for any constant k

4. lim
x!c

f(x)

g(x)
=

lim
x!c

f(x)

lim
x!c

g(x)
if lim

x!c
g(x) 6= 0.

5. lim
x!c

(f(x))p =
h
lim
x!c

f(x)
ip
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x!c

f(x)
ip

exists

I
mightnot fcc

0
Is mightnot guy



Chapter 2: Limits 2-4

Example 2.1.4. Compute the following limits:

1. lim
x!1

(x3 + 2x� 5)

2. lim
x!2

x4 + x2 � 1

x2 + 5

3. lim
x!�2

p
4x2 � 3

Solution.

1. lim
x!1

(x3 + 2x� 5) = lim
x!1

x3 + lim
x!1

2x� lim
x!1

5 = 13 + 2 · 1� 5 = �2.

2. lim
x!2

x4 + x2 � 1

x2 + 5
=

lim
x!2

(x4 + x2 � 1)

lim
x!2

(x2 + 5)
=

lim
x!2

x4 + lim
x!2

x2 � lim
x!2

1

lim
x!2

x2 + lim
x!2

5
=

19

9
.

3. lim
x!�2

p
4x2 � 3 =

q
lim

x!�2
(4x2 � 3) =

q
lim

x!�2
4x2 � lim

x!�2
3 =

p
16� 3 =

p
13.

⌅

Remark. Generalizing the arguments for the first example above: the limit of any polyno-
mial function P (x),

lim
x!c

P (x) = P (c).

Exercise 2.1.1. Compute the following limits:

lim
x!1

1

x� 1
; lim

x!1

✓
x2 � 3x

x+ 5

◆

Example 2.1.5. (Cancelling a common factor)
Find the limit:

lim
x!1

x2 � 1

x2 � 3x+ 2
.

Solution. We can’t directly use property of division of limit because the denominator lim
x!1

(x2�
3x+ 2) = 12 � 3⇥ 1 + 2 = 0.

lim
x!1

x2 � 1

x2 � 3x+ 2
= lim

x!1

(x� 1)(x+ 1)

(x� 1)(x� 2)

= lim
x!1

⇠⇠⇠⇠(x� 1)(x+ 1)

⇠⇠⇠⇠(x� 1)(x� 2)

= lim
x!1

x+ 1

x� 2

=
1 + 1

1� 2
= �2.
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Chapter 2: Limits 2-5

⌅

Example 2.1.6. Compute

lim
x!1

x3 � 5x+ 4

x2 + 2x� 3
.

Solution. Write p(x) = x3 � 5x+ 4 and q(x) = x2 + 2x� 3. Because p(1) = q(1) = 0, x� 1
is a factor of p(x) and q(x). We obtain

p(x) = (x� 1)(x2 + x� 4) and q(x) = (x� 1)(x+ 3).

Then

lim
x!1

x3 � 5x+ 4

x2 + 2x� 3
= lim

x!1

(x� 1)(x2 + x� 4)

(x� 1)(x+ 3)

= lim
x!1

x2 + x� 4

x+ 3

=
12 + 1� 4

1 + 3
= �1

2
.

⌅

Example 2.1.7. (Rationalization)

Let f : [0,1)\{1} ! R defined by f(x) =

p
x� 1

x� 1
. Find lim

x!1
f(x).

Solution. For x 6= 1.
p
x� 1

x� 1
=

p
x� 1

x� 1
·
p
x+ 1p
x+ 1

=
x� 1

(x� 1)(
p
x+ 1)

=
1p
x+ 1

.

Hence

lim
x!1

p
x� 1

x� 1
= lim

x!1

1p
x+ 1

=
1

2
.

⌅

Example 2.1.8. (Rationalization and Cancellation)
Find

lim
x!1

p
x� 1

x2 � 1
.

Solution.

lim
x!1

p
x� 1

x2 � 1
= lim

x!1

(
p
x� 1)(

p
x+ 1)

(x+ 1)(x� 1)(
p
x+ 1)

= lim
x!1

⇠⇠⇠x� 1

(x+ 1)⇠⇠⇠⇠(x� 1)(
p
x+ 1)

= lim
x!1

1

(x+ 1)(
p
x+ 1)

=
1

4
.

⌅
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